Abstract. In this article, we show that if a semi-Riemannian space form carries a conformal vector field V of which the tangential part V T on a connected hypersurface M n becomes a conformal vector field and the normal part V N on M n does not vanish identically, then M n is totally umbilic. Furthermore, we give a complete description of conformal vector fields on semi-Riemannian space forms.
Introduction
Conformal mappings, conformal symmetries and conformal vector fields are of great importance in general relativity, as is well known since the early 1920's ( [7, 15] ). A vector field V satisfying L V g = 2σg on a semi-Riemannian manifold (M, g) is called an infinitesimal conformal transformation or a conformal vector field on M , where L denotes the Lie derivative on M and σ is a smooth function.
A totally umbilic submanifold of a semi-Riemannian manifold is the one whose first fundamental form and second fundamental form are proportional. An ordinary hypersphere S n (r) of an affine (n + 1)-space of the Euclidean space R m is one of the best known example of totally umbilic submanifolds of R m . Totally umbilic submanifolds of a Riemannian space form with constant sectional curvature are well known ( [4, 5] ). On the other hand, there are four kinds of totally umbilic submanifolds in semi-Euclidean space (See, for example, [1] ).
In [17] , Remark 1, R. Sharma In this article we prove the converse of the above remark for a semiRiemannian hypersurface of a semi-Riemannian space formM n+1 k (c) with constant sectional curvaturec in the following way. In Section 3, using Theorem 3, we give a complete description of conformal vector fields on semi-Riemannian space forms (cf. [18] ; pp. 336-337).
Main theorems
On a semi-Riemannian manifold (M n , g) a vector field V is called conformal if it preserves the conformal class of the metric: 
we have
where h denotes the second fundamental form. Hence from the hypothesis we obtain that
where H denotes the mean curvature vector field. This completes the proof.
Now we prove Theorem 1 as follows:
Proof of Theorem 1.
, respectively. From the proof of the above proposition, we obtain
where h denotes the second fundamental form. We let U = {p ∈ M |V N (p) = 0}. From now on, we use ·, · for the metricsḡ and g unless they are confused. Then (2.1) shows that U is totally umbilic in .2) and the hypothesis we obtain
where ∇ V, ξ is the gradient vector of V, ξ on M n . Furthermore, on each U i , by differentiating both sides of (2.3), we have
Note that we can extend X, Y locally toM
Hence on U i we have from (2.2) and (2.5)
Since the left hand side of (2.4) and the second term of right hand side of (2.4) are symmetric in X, Y ∈ T M n , respectively, we easily see that
Using the conformality of V, from (2.8) we obtain (2.9)
On the other hand, equations (2.7) and (2.9) imply that for
Hence (2.4) gives
and c i denotes the sectional curvaturē c + a 
This together with (2.2) implies that ξ(σ) + a i σ is a constant b i on each U i . Thus from (2.11) we obtain on each
which implies that ∇ V, ξ is a closed conformal vector field on each U i , and hence on the closure of U. If the complement of U has nonempty interior, then ∇ V, ξ is a trivial closed conformal vector field on it. Thus, by continuity, ∇ V, ξ is a closed conformal vector field on M n . Therefore Proposition 2.3 in [12] shows that either U is dense in M .14) shows that ϕ is a well-defined linear map. From the fact that the codimension of the zero set of a nontrivial conformal vector field is greater than 1, we see that ϕ is injective. Hence we have
, by counting dimensions, we see that the inequality in (2.15) becomes an equality, and dimImψ = dimC(M ), which implies that ϕ is bijective and ψ is surjective.
For any fixed (2.13) shows that f and −f belong to GC(M n ). Thus it follows from the bijectivity of ϕ that there exists a unique V 1 in Kerψ which satisfies
This completes the proof.
Conformal vector fields on space forms
In this section, first of all, we give a complete description of conformal vector fields on semi-Euclidean space R n+1 k , which might be well-known but we could not find a reference for it (cf. [9] ; pp. 25-26). Then theorem 3 gives a complete description of conformal vector fields on non-flat semi-Riemannian space forms (cf. [18] ; pp. 336-337).
Consider the semi-Euclidean space (R n+1 k ,ḡ) with metric tensor ds 
From (3.1) and (3.2) we obtain the following:
where V j,k denotes the k-th partial derivative
From (3.2), (3.3) and (3.4) we also have the following:
Hence (3.5) together with (3.6) and (3.7) implies for distinct j, k ∈ {1, · · · , n + 1}
Furthermore, (3.4) and (3.8) show that b jk satisfies
Thus from (3.3) and (3.8) we have for some constants c j , j ∈ {1, 2, · · · , n + 1}
or, equivalently we have
, σ is given by (3.2) and B denotes an (n + 1) × (n + 1) matrix (b ij ) which satisfies (3.9) and b jj = 0. Note that Bx + (cf. Lemma in [3] ).
